Abstract. A prime p satisfying the congruence
Introduction
One year prior to his early death in 1829, Niels Henrik Abel [1] was the first to ask:
"Kann a µ−1 − 1, wenn µ eine Primzahl und a eine ganze Zahl und kleiner als µ und größer als 1 ist, durch µ 2 theilbar sein?"
In other words: Given a prime p not dividing an integer a, is it possible that the integer (a p−1 − 1)/p is again divisible by p? Although one can immediately construct solutions to the corresponding congruence
when the exponent p is fixed and a is variable (see, e.g., [18] ), it is not yet known how to locate a matching prime p for a fixed base a. Many connections between these solutions and other problems in number theory have been uncovered ( [8] , [25] ). Probably the most famous one is due to Arthur Wieferich [29] , connecting (1) with Fermat's last theorem: Theorem 1.1 (Wieferich, 1909 [29] ). If for an odd prime p not dividing xyz it follows that
Today, Wieferich's theorem is known to be true for all prime bases a less than and including 103 ( [13] , [28] ). Solutions to (1) where a = 2 are called Wieferich primes. Although there have been numerous searches for Wieferich primes (a believed to be complete list of references to published historical computations can be found in the bibliography), only two solutions have been discovered so far: 1093 [22] , and 3511 [3] . 15 . In the following two sections the methodology used in the computation and a more in-depth examination of the results will be presented.
Searching for Wieferich primes
Due to a lack of algorithmic advances, there is currently no alternative to a brute force search. The use of computers has pushed the search limit from 16000 in 1940 [4] to 4.6 ·10 13 in 2001 [6] , later extended to 2·10 14 [9] . Increasing this limit by a factor of 6 was achieved by distributing the computation over as many computers as possible through the Internet.
On each client machine an efficient implementation of a binary powering ladder was run. The implementation was based on the GNU multiple precision arithmetic library GMP [12] . Previous searches for Wieferich primes have made use of optimizations such as base-p arithmetic and steady-state division as described in [23] , [8] , and [7] . Neither of these optimizations was used in this search. In order to include as many computers as possible, only a 32-bit processor was presumed when constructing the client code. 
≡ ±1 mod p
2 ) was employed. A segmented sieve of Eratosthenes as described in [26] was used to extract the prime numbers from a given range of integers (see also [8] ).
The client and server machines used the hypertext transfer protocol (HTTP) to communicate with one another. The processes of distributing ranges of numbers to be checked and collecting results were implemented through common gateway interface (CGI) scripts. This made the construction of both client and server programs simpler. Pre-built HTTP library code was used for the client and a basic system of Perl scripts turned out to be sufficient for the server.
Results
As stated, the primary result of this search is that other than 1093 and 3511, there are no Wieferich primes smaller than 1.25 · 10 15 . In [7] a probabilistic argument for the existence of more Wieferich primes is presented. The result of computing 2 p−1 2 mod p 2 can be written as ±1 + Ap mod p 2 , for some integer A. If we assume the event of A taking on some particular value (A = 0 indicates a Wieferich prime) as being random and independent with probability 1 p , we can expect the number of Wieferich primes in an interval [x, y] to be around (2) ln(ln y/ ln x). , putting the chance of finding one at approximately 1 in 10. So the result was not unexpected. As the probability of encountering a new Wieferich prime is relatively low, it has been the practice of the last few searches to report "near Wieferich" primes, defined as instances of
where |A| ≤ 100. Table 1 gives a listing of all such exponents greater than 4 · 10 12 encountered during the search. The last 13 entries in bold font are the new near Wieferich primes uncovered. As in [7] , formula (2) can be applied to predict the number of near Wieferich primes in an interval to be around 201 · ln(ln y/ ln x). , a close correspondence to the 13 uncovered. During the course of the search the system was able to incorporate more than 250 client computers of varying configurations. At peak speed the system was capable of running through approximately 1.6 million primes per second, with individual machines running through 1000 to 30000 primes per second. The largest interval covered in one day was approximately 3 · 10 12 , but average performance was approximately 1.5 · 10 12 a day.
